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Abstract

Understanding the convergence properties of learning dynamics in repeated auctions is a
timely and important question in the area of learning in auctions, with numerous applications
in, e.g., online advertising markets. This work focuses on repeated first price auctions where
bidders with fixed values for the item learn to bid using mean-based algorithms — a large class
of online learning algorithms that include popular no-regret algorithms such as Multiplicative
Weights Update and Follow the Perturbed Leader. We completely characterize the learning
dynamics of mean-based algorithms, in terms of convergence to a Nash equilibrium of the
auction, in two senses: (1) time-average: the fraction of rounds where bidders play a Nash
equilibrium approaches 1 in the limit; (2) last-iterate: the mixed strategy profile of bidders
approaches a Nash equilibrium in the limit. Specifically, the results depend on the number of
bidders with the highest value:

e If the number is at least three, the bidding dynamics almost surely converges to a Nash
equilibrium of the auction, both in time-average and in last-iterate.

e If the number is two, the bidding dynamics almost surely converges to a Nash equilibrium
in time-average but not necessarily in last-iterate.

e [f the number is one, the bidding dynamics may not converge to a Nash equilibrium in
time-average nor in last-iterate.

Our discovery opens up new possibilities in the study of convergence dynamics of learning
algorithms.

1 Introduction

First price auctions are the current trend in online advertising auctions. A major example is Google
Ad Exchange’s switch from second price auctions to first price auctions in 2019 (Paes Leme et al.,
2020; |Goke et al., 2021)).

Compared to second price auctions, first price auctions are non-truthful: bidders need to reason
about other bidders’ private values and bidding strategies and choose their own bids accordingly
to maximize their utilities. Finding a good bidding strategy used to be a difficult task due to each
bidder’s lack of information of other bidders. But given the repeated nature of online advertising
auctions and with the advance of computing technology, nowadays’ bidders are able to learn to
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bid using automated bidding algorithms. As one bidder adjusts bidding strategies using a learning
algorithm, other bidders’ utilities are affected and thus they will adjust their strategies as well.
Then, a natural question follows: if all bidders in a repeated first price auction use some learning
algorithms to adjust bidding strategies at the same time, will they converge to a Nash equilibrium
of the auction?

A partial answer to this question is given by [Hon-Snir et al.| (1998) who show that, in a repeated
first price auction where bidders have fixed values for the item, a Nash equilibrium may or may
not be learned by the Fictitious Play algorithm, where in each round of auctions every bidder best
responds to the empirical distributions of other bidders’ bids in history. Fictitious Play, however, is
a deterministic algorithm that does not have the no-regret property — a desideratum for learning
algorithms in adversarial environments. The no-regret property can only be obtained by randomized
algorithms (Roughgarden, [2016). As observed by Nekipelov et al. (2015) that bidders’ behavior
on Bing’s advertising system is consistent with no-regret learning, it is hence important, from
both theoretical and practical points of view, to understand the convergence property of no-regret
algorithms in repeated first price auctions. This motivates our work.

Our contributions Focusing on repeated first price auctions where bidders have fixed values,
we completely characterize the Nash convergence property of a wide class of randomized online
learning algorithms called “mean-based algorithms” (Braverman et al., [2018]). This class contains
most of popular no-regret algorithms, including Multiplicative Weights Update (MWU), Follow the
Perturbed Leader (FTPL), etc..

We systematically analyze two notions of Nash convergence: (1) time-average: the fraction of
rounds where bidders play a Nash equilibrium approaches 1 in the limit; (2) last-iterate: the mixed
strategy profile of bidders approaches a Nash equilibrium in the limit. Specifically, the results
depend on the number of bidders with the highest value:

e If the number is at least three, the bidding dynamics of mean-based algorithms almost surely
converges to Nash equilibrium, both in time-average and in last-iterate.

e [f the number is two, the bidding dynamics almost surely converges to Nash equilibrium in
time-average but not necessarily in last-iterate.

e [f the number is one, the bidding dynamics may not converge to Nash equilibrium in time-
average nor in last-iterate.

For the last case, the above non-convergence result is proved for the Follow the Leader algorithm,
which is a mean-based algorithm that is not necessarily no-regret. We also show by experiments
that no-regret mean-based algorithms such as MWU and e4-Greedy may not last-iterate converge
to a Nash equilibrium.

Intuitions and techniques The intuition behind our convergence results (the first two cases
above) relates to the notion of “iterated elimination of dominated strategies” in game theory.
Suppose there are three bidders all having a same integer value v for the item and choosing bids
from the set {0,1,...,v — 1}. The unique Nash equilibrium is all bidders bidding v — 1. The
elimination of dominated bids is as follows: firstly, bidding 0 is dominated by bidding 1 for each of
the three bidders no matter what other bidders bid, so bidders will learn to bid 1 or higher instead
of bidding 0 at the beginning; then, given that no bidders bid 0, bidding 1 is dominated by bidding
2, so all bidders learn to bid at least 2; ...; in this way all bidders learn to bid v — 1E]

!This logic has been implicitly spelled out by [Hon-Snir et al| (1998)). But their formal argument only works for
deterministic algorithms like Fictitious Play.



The above intuition is only high-level. In particular, since bidders use mean-based algorithms
which may pick a dominated bid with a small but positive probability, additional argument is
needed to show that bidders will finally converge to bidding v — 1 with high probability. To do this
we borrow a technique (which is a combination of time-partitioning and azuma’s inequality) from
Feng et al.| (2021) who show that bidders in a second price auction with multiple Nash equilibria
converge to the truthful equilibrium if they use mean-based algorithms with an initial uniform
exploration stage. Their argument relies on the fact that, in a second price auction, all bidders
learn the truthful Nash equilibrium with high probability during the uniform exploration stage. In
contrast, we allow general mean-based algorithms without an initial uniform exploration stage.

1.1 Discussion

The assumption of fixed values An assumption made in our work is that each bidder has a
fixed value for the item sold throughout the repeated auction. Seemingly restrictive, this assump-
tion can be justified in several aspects. First, assuming fixed values is in fact quite common in
the literature on repeated auctions, in various contexts including value inference (Nekipelov et al.,
2015)), dynamic pricing (Amin et al., 2013} |Devanur et al., |2015; Immorlica et al., 2017)), as well
as the study of bidding equilibrium (Hon-Snir et al., [1998; [Iyer et al. 2014; |Kolumbus and Nisan,
2021). An exception is the work by |Feng et al.| (2021) who study repeated first price auctions
under the Bayesian assumption that bidders’ values are i.i.d. samples from a distribution at every
round. However, their result is restricted to a 2-symmetric-bidder setting with the Uniform|0, 1]
distribution where the Bayesian Nash equilibrium (BNE) is simply every bidder bidding half of
their values. For general asymmetric distributions there is no explicit characterization of the BNE
(Lebrunl |1996, 1999; [Maskin and Riley, 2000) despite the existence of (inefficient) numerical ap-
proximations (Fibich and Gavious|, 2003; Escamocher et al. [2009; Wang et al., |2020; Fu and Lin,
2020)). No known algorithms can compute BNE efficiently for all asymmetric distributions, let alone
a simple, generic learning algorithmE] We could assume that bidders’ values are sampled from a
prior distribution at the beginning of the repeated auction (then fixed throughout all rounds), but
how values are actually generated is unimportant to our results — we characterize bidders’ learning
dynamics after their values are generated and stabilized.

Moreover, in real-life auctions, fixed values do occur if a same item is sold repeatedly, bidders
have stable values for that item, and the set of bidders is fixed. An example is a few large online
travel agencies (Agoda, Airbnb, and Booking.com) competing for an ad slot about “hotel booking”.
In such Internet advertising auction scenarios, auctions sometimes happen frequently — a large
number of auctions happen during a short amount of time. Even if the value changes it would
not change a lot in this short time, during which bidders may be able to converge to the Nash
equilibrium before the value changes dramatically.

Finally, as we show, even with this seemingly innocuous assumption, the learning dynamics
of mean-based algorithms already exhibits complicated behaviors: it may converge to different
equilibria in different runs or not converge at all. One can envision more unpredictable behaviors
when values are not fixed.

Learning in general games Our work is related to a fundamental question in the field of
Learning in Games (Fudenberg and Levine, 1998; |Cesa-Bianchi and Lugosi, [2006; Nisan et al.,
2007)): if players in a repeated game employ online learning algorithms to adjust strategies, will
they converge to an equilibrium? And what kinds of equilibrium? Classical results include the

2Recent work even shows that computing a BNE in a first price auction where bidders have subjective priors over
others’ types is PPAD-complete (Filos-Ratsikas et al., |2021)).



convergence of no-regret learning algorithms to a Coarse Correlated Equilibrium (CCE) and no-
internal-regret algorithms to a Correlated Equilibrium in any game (Foster and Vohral, 1997} [Hart|
land Mas-Colell, [2000). But given that (coarse) correlated equilibria are much weaker than the
archetypical solution concept of a Nash equilibrium, a more appealing and challenging question is
the convergence towards Nash equilibrium. Positive answers to this question are only known for
some special cases of algorithms and games: e.g., no-regret algorithms converge to Nash equilibria
in zero-sum games, 2 X 2 games, and routing games (Fudenberg and Levine, 1998; Cesa-Bianchil
land Lugosi, 2006; Nisan et al., [2007). In contrast, several works give non-convergence examples:
e.g., the non-convergence of MWU in a 3 x 3 game (Daskalakis et al., |2010) and Regularized
Learning Dynamics in zero-sum games (Mertikopoulos et al., [2017). In this work we study the
Nash equilibrium convergence property in first price auctions for a large class of learning algorithms,
namely the mean-based algorithms, and provide both positive and negative results.

Last v.s. average iterate convergence We emphasize that previous results on convergence of
learning dynamics to Nash equilibria in games are mostly attained in an average sense, i.e., the
empirical distributions of players’ actions converge. Our notion of time-average convergence, which
requires players play a Nash equilibrium in almost every round, is different from the convergence
of empirical distributions; in fact, ours is stronger if the Nash equilibrium is unique. Neverthe-
less, time-average convergence fails to capture the full picture of the dynamics since players’ last-
iterate (mixed) strategy profile may not converge. Existing results about last-iterate convergence
show that most of learning dynamics actually diverge or enter a limit cycle even in a simple 3 x 3
game (Daskalakis et al.,|2010) or zero-sum games (Mertikopoulos et al.,2017)), except for a few con-
vergence examples like optimistic gradient descent/ascent in two-player zero-sum games
land Panageas, [2018; |Wei et al., [2021). Our results and techniques, regarding the convergence of any
mean-based algorithm in first price auctions, shed light on further study of last-iterate convergence
in more general settings.

1.2 Additional Related Works

We review additional related works about online learning in repeated auctionsEl While a large
fraction of such works are from the seller’s perspective, i.e., studying how a seller can maximize
revenue by adaptively changing the rules of the auction (e.g., reservation price) over time (e.g.,
Blum and Hartline| (2005)); |Amin et al.|(2013); Mohri and Medinal (2014));|Cesa-Bianchi et al.|(2015);
Braverman et al| (2018); [Huang et al| (2018); [Abernethy et al| (2019); Kanoria and Nazerzadeh|
(2019); [Deng et al| (2020); (Golrezaei et al.| (2021))), we focus on the bidders’ learning problem.

Existing works from bidders’ perspective are mostly about “learning to bid”, focusing on how
to design no-regret algorithms for a bidder to bid in various formats of repeated auctions, including
first price auctions (Balseiro et al. |2019; Han et al. 2020; Badanidiyuru et al., |2021)), second
price auctions (Lyer et all, 20145 Weed et al., 2016)), and more general auctions (Feng et all, 2018;
Karaca et al. 2020). Those works take the perspective of a single bidder, without considering the
interaction among multiple bidders all learning to bid at the same time. We instead study the
consequence of such interaction, showing that the learning dynamics of multiple bidders may or
may not converge to the Nash equilibrium of the auction.

In addition to the aforementioned works by [Feng et al| (2021) and Hon-Snir et al. (1998)),
another work on Nash equilibrium convergence of online learning algorithms in first price auctions
is an empirical work by Bichler et al|(2021). They find that, experimentally, approximate Nash

3We do not review works about the batch learning setting, e.g., sample complexity.



equilibria can be learned by bidders who approximate their strategies by some artificial neural
networks trained with gradient descent. |Goke et al. (2021)) performed a field study and observed
that, after ad exchanges switched auction formats from second price to first price, bidders gradually
learnt to shade their bids until the winning bid decreased to the second highest value, so the
seller’s revenue in the first price auction was the same as in the original second price auction. Our
theoretical analysis and experiments support their observation. We find that the bidder with the
highest value indeed learns to bid the second highest value, if all bidders are mean-based learners.

Concurrent work Independently of our work, Kolumbus and Nisan| (2021) show that, in re-
peated first price auctions with two mean-based learning bidders, i¢f the dynamics converge to
some limit, then this limit must be a CCE in which the bidder with the higher value submits
bids that are close to the lower value. However, they do not give conditions under which the
dynamics converge. We prove that the dynamics converge when the two bidders have the same
value and in fact converge to the stronger notion of a Nash equilibrium. If the two bidders have
different values, [Kolumbus and Nisan| (2021) suggest that the MWU algorithm may converge while
we experimentally demonstrate that other mean-based algorithms like e-Greedy may not converge.

Organization of the paper We discuss model and preliminaries in Section [2| and present our
main results in Section [3| In Section |4 we present the proof of Theorem [4, which covers the main
ideas and proof techniques of all our convergence results. Section [5|includes experimental results.
We conclude and discuss future directions in Section [} Missing proofs from Section [3| and [4] are in
Appendix [A] and [B] respectively.

2 Model and Preliminaries

Repeated first price auctions We consider repeated first-price sealed-bid auctions where a
single seller sells a good to a set of N > 2 players (bidders) N' = {1,2,..., N} for infinite rounds.
Each player i € N has a fixed private value v’ for the good throughout. See Section for a
discussion on this assumption. We assume v’ is a positive integer in some range {1,...,V} where
V is an upper bound on v*. Suppose V > 3. No player knows other players’ values. Without loss
of generality, assume vl > v2 > > oV,

At each round ¢ > 1 of the repeated auctions, each bidder i submits a bid b € {0,1,...,V} to
compete for the good. A discrete set of bids captures the reality that the minimum unit of money is
a cent. The bidder with the highest bid wins the good. If there are more than one highest bidders,
the good is allocated to one of them uniformly at random. The bidder who wins the good pays
her bid bi, obtaining utility v* — b; other bidders obtain utility 0. Let u’(b,b;*) denote bidder
i’s (expected) utility when 4 bids bj while other bidders bid b, = (bf,...,bi L b b)), e,
u' (b, by ") = (v — by)1[b} = maxjen bi]m-

We assume that bidders never bid above or equal to their values since that brings them negative
or zero utility, which is clearly dominated by bidding 0. We denote the set of possible bids of each
bidder i by B’ = {0,1,...,v" — 1}{]

Online learning We assume that each bidder chooses her bids using an online learning algorithm.
Specifically, we regard the set of possible bids B’ as a set of actions (or arms). At each round ¢,
the algorithm picks (possibly in a random way) an action b; € B* to play, and then receives some

4We could allow a bidder to bid above v* — 1. But a rational bidder will quickly learn to not place such bids.



feedback. The feedback may include the rewards (i.e., utility) of all possible actions in B* (in the
experts setting) or only the reward of the chosen action b! (in the multi-arm bandit setting). With
feedback, the algorithm updates its choice of actions in future rounds. We do not assume a specific
feedback model in this work. Our analysis will apply to all online learning algorithms that satisfy
the following property, called “mean-based” (Braverman et al., 2018; [Feng et al., |2021)), which
roughly says that the algorithm picks actions with low average rewards with low probabilities.

Definition 1 (mean-based algorithm). Let ai(b) be the average reward of action b in the first t
rounds: ay(b) = %,22:1 u(b, b;*). An algorithm is v;-mean-based if, for any b € B, whenever
there exists V' € B' such that o)_, (V') — a}_1(b) > Vv, the probability that the algorithm picks b
at round t is at most ;. An algorithm is mean-based if it is y;-mean-based for some decreasing
sequence ()52, such that v — 0 as t — oo.

In this work, we assume that the online learning algorithm may run for an infinite number
of rounds. This captures the realistic scenario where bidders do not know how long they will be
in the auction and hence use learning algorithms that work for an arbitrary unknown number of
rounds. Infinite-round mean-based algorithms can be obtained by modifying classical finite-round
online learning algorithms (e.g., MWU) to have a decreasing sequence of learning rate parameter,
as shown below:

Example 2. Let (4);2; be a decreasing sequence approaching 0. The following algorithms are
mean-based:

e Follow the Leader (or Greedy): at each round t > 1, each player i € N chooses an action
b € argmaxycgi{ai_|(b)} (with a specific tie-breaking rule).

e ci-Greedy: at each round t > 1, each player i € N chooses b € argmaxycpi{al_1(b)} with
probability 1 — e;, otherwise chooses any action in B* uniformly at random.

e Multiplicative Weights Update (MWU): at each round t > 1, each player i € N chooses each
action b € B* with probability #&}(f?l(b,), where wy(b) = exp(e; S0 _; (b, bgi))
Clearly, Follow the Leader is (¢ = 0)-mean-based and e;-Greedy is e;-mean-based. One can see
Braverman et al. (2018) for why MWU is mean-based. Additionally, MWU is no-regret when the
sequence (g,)$2; is chosen to be &, = O(1/v/t) (see, e.g., Theorem 2.3 in |Cesa-Bianchi and Lugosi
(2006)).

Equilibrium in first price auctions Before presenting our main results, we characterize the
Nash equilibrium of the first price auction where bidders have fixed values v! > v2 > ... > ¥V,
Reusing the notation u’(-), we denote by u’(b’,b~?) the utility of bidder i when she bids b° while
others bid b= = (b!,..., 61 671 ... bN). A bidding profile b = (b',...,b") = (b’,b77) is called
a Nash equilibrium if u'(b) > u*(V,b~%) for any &’ € B’ and any i € N. Let M? denote the set of
bidders who have the same value as bidder i, M* = {j € N : v/ = v'}.

Proposition 3. The following bidding profile is a Nash equilibrium in the first price auction with
fixed values:

SWe note that the MWU defined here is different from the standard MWU algorithm with decreasing parameter
where the weight of each action w;(b) is updated by wi(b) = we—1(b) - exp(eu’ (b, by ")) = exp(3L_, esu’(b, b3 ).
The standard algorithm is not mean-based because rewards u’(b, b5 ) in earlier rounds matter more than rewards
in later rounds given that e, is decreasing. The algorithm we define here treat all rewards u’(b, b; ") equally and is
hence mean-based.



o If[M'[>3:bi=v' —1 forie M and b < o' —2 for j ¢ M".
o If|M] =2

— Ifvl =02 > 03+ 1 (or N = 2), two Nash equilibria are possible: b' = b*> = v! —1 or
bt =02 =v! =2, with ¥ <v' —3 for j ¢ M*.
ol =P L b =B — ol — 1 and b < vl —2 for j ¢ ML

o If|M'=1:
— One Nash equilibrium is: b* = v2, at least one bidder in M? bids v? —1, all other bidders
bid b < v? — 1.
— If v =02+ 1 and |M?| = 1, another Nash equilibrium is: b* = b*> = v> — 1, B < v? —2
forj ¢{1,2}.

The proof of this proposition is straightforward and omitted.

3 Main Results: Convergence of Mean-Based Algorithms

We introduce some additional notations. Let x} € RY" be the mixed strategy of player ¢ in round ¢,
where the b-th component of ! is the probability that player i bids b € B? in round t. The sequence
of vectors (x$)£2, is a stochastic process, where the randomness for each ! includes the randomness
of bidding in previous rounds. Let 1, = (0, ...,0,1,0,...,0) where 1 is in the b-th position.

Our main results about the convergence of mean-based algorithms in repeated first price auctions
depend on how many bidders have the highest type, |M?!].

The case of |M!| > 3.

Theorem 4. If |M*!| > 3 and every bidder follows a mean-based algorithm, then, with probability
1, both of the following events happen:

o Time-average convergence of bid sequence:

t
1 , 1gi 1
hm; E_lll[VZGM,bs:v —-1]=1 (1)

t—o00

e Last-iterate convergence of mized strategy profile:

Vie M', Jim xh=1,_,. (2)

Theorem [ can be interpreted as follows. According to Proposition [3] bs is a Nash equilibrium
if and only if Vi € M, b’ = v! — 1 (bidders not in M*! bid < v! — 2 by assumptionED. Hence, the
first result of Theorem [4] implies that the fraction of rounds where bidders play a Nash equilibrium
approaches 1 in the limit. The second result shows that all bidders i € M! bid v! — 1 with certainty
eventually, achieving the Nash equilibrium.

5We note that the bidders not in M* can follow a mixed strategy and need not converge to a deterministic bid.



The case of |M!| = 2.

Theorem 5. If |M!| = 2 and every bidder follows a mean-based algorithm, then, with probability
1, one of the following two events happens:

o limy oo 130 1Vie MY, b =0l —2]=1;
o limy oo 1370 1[Vie ML b =v! —1] =1 and Vi € M?, limy_oo ) = 1,1_;.
Moreover, if v3 = vl — 1 then only the second event happens.

For the case v3 < v! — 1, according to Proposition [3| b, is a Nash equilibrium if and only if
both bidders in M! play v' — 1 or v! — 2 at the same time (with other bidders bidding < v! — 3
by assumption@. Hence, the theorem shows that the bidders eventually converge to one of the two
possible equilibria. Interestingly, experiments show that some mean-based algorithms lead to the
equilibrium of v! — 1 while some lead to v! — 2. Also, a same algorithm may converge to different
equilibria in different runs. See Section [5| for details.

In the case of time-average convergence to the equilibrium of v' —2, the last-iterate convergence
result does not always holds. Consider an example with 2 bidders, with v! = v? = 3. We can
construct a y;-mean-based algorithm with v = O(ﬁ) such that, with constant probability, it holds
limy o0 7 S 1Vi € MY, b = v'—2] = 1 but in infinitely many rounds we have x} = 15 = 1,1_;.
The key idea is that, when o}(1) — a}(2) is positive but lower than V-, in some round ¢ (which
happens infinitely often), we can let the algorithm bid 2 with certainty in round ¢ + 1. This does
not violate the y,-mean-based property.

Proposition 6. If |M'| = 2, then there exists a mean-based algorithm such that, when players
follow this algorithm, with constant probability their mized strateqy profile does not converge to a
Nash equilibrium in last-iterate.

The case of |M!| = 1. The dynamics may not converge to a Nash equilibrium of the auction in
time-average nor in last-iterate, as shown in the following example (see Appendix |[A|for a proof).

Example 7. Let v' = 10, v?> = v3 = 7. Assume that players use the Follow the Leader algorithm
(which is 0-mean-based) with a specific tie-breaking rule. They may generate the following bidding
path (bt1> b%a b?)tzl .

(7,6,1),(7,1,6),(7,1,1),(7,6,1),(7,1,6),(7,1,1),. ..

Note that (7,1,1) is not a Nash equilibrium according to Proposition@ but it appears in % fraction
of rounds, which means that the dynamics neither converges in the time-average sense nor in the
last-iterate sense to a Nash equilibrium.

Example [7]also shows that, in the case of |[M*'| = 1, the bidding dynamics generated by a mean-
based algorithm may not converge to Nash equilibrium in the classical sense of “convergence of
empirical distribution”: i.e., letting p! € A(B?) denote the empirical distribution of player 4’s bids
up to round ¢, the vector of individual empirical distributions (pj, p?, p?)t21 approaches a (mixed
strategy) Nash equilibrium in the limit. To see this, note that the vector of individual empirical
distributions converges to (p', p?,p®) where p'(7) = 1 and for i = 2,3, p*(6) = % and p(1) = % It
is easy to verify that for bidder 1, bidding 2 has utility (10 — 2)(%)2 = %2, which is larger than the
utility of bidding 7, 10 — 7 = 3. Thus, (p', p?,p?) is not a Nash equilibrium.

The mean-based algorithm in Example [7]is not no-regret. In Section [5| we show by experiments
that such non-convergence results also hold for no-regret mean-based algorithms, e.g., MWU.



4 Proof of Theorem (4

The proof of Theorem [4 covers the main ideas and proof techniques of our convergence results, so
we present it here. We first provide a proof sketch. Then in Section [4.1] we provide properties of
mean-based algorithms that will be used in the formal proof. Section and Section prove
Theorem [4

Proof sketch We first use a step-by-step argument to show that bidders with the highest type
(i.e., those in M) will gradually learn to avoid bidding 0,1, ...,v" —3. Then we further prove that:
if [M!| = 3, they will avoid v! — 2 and hence converge to v! — 1; if |[M!| = 2, the two bidders may
end up playing v! — 1 or v! — 2.

To see why bidders in M will learn to avoid 0, suppose that there are two bidders in total
and one of them (say, bidder i) bids b with probability P(b) in history. For the other bidder (say,
bidder j), if bidder j bids 0, she obtains utility a(0) = (v — 0)%0); if she bids 1, she obtains
utility (1) = (v! — 1)(P(0) + @) Since (1) — «(0) = %P(O) + (vt — 1)@ > 0 (assuming
v! > 3), bidding 1 is better than bidding 0 for bidder j. Given that bidder j is using a mean-based
algorithm, she will play 0 with small probability (say, zero probability). The same argument applies
to bidder i. Hence, both bidders learn to not play 0. Then we take an inductive step: assuming
that no bidders play 0, ...,k —1, we note that a(k+1) —a(k) = ”L%P(k) + ”1772]“71]3(]{:—1- 1)>0
for k < v! — 3, therefore k + 1 is a better response than k and both players will avoid bidding
k. An induction shows that they will finally learn to avoid 0,1,...,v' — 3. Then, for the case of
|M*Y| > 3, we will use an additional claim (Claim @ to show that, if bidders bid 0,1,...,v' — 3
rarely in history, they will also avoid bidding v' — 2 in the future.

The formal proof will use a partitioning technique proposed by [Feng et al. (2021). Roughly
speaking, we will partition the time horizon into some periods 1 < Ty < 171 < Tp < ---. If
bidders bid 0,1,...,k — 1 with low frequency from time 1 to Tj_7, then using the mean-based
properties in Claim [§ and Claim [0} we show that they will bid k& with probability at most v; in
each round of period (Tj_1,7%|. A use of Azuma’s inequality shows that the frequency of bid k in
period (Tk_1,T%] is also low with high probability, which concludes the induction. Constructing an
appropriate partition allows us to argue that the frequency of bids less than v' — 1 converges to 0
with high probability.

4.1 Properties of Mean-Based Algorithms in First Price Auctions

We use the following notations intensively in the proofs. We define the frequency of the highest bid

during the first ¢ rounds as P} (k) = %22:1 1[max;; b, = k]. By Pi(0 : k) we mean ZIZ:() P(0).

Let P}(0: —1) be 0. Additionally, let Qi(k) = %22:1 1[max;,; bl = k‘]ﬁ. Clearly,
argmax; z; bs

0< ¥ P/ (k) < Qik) < 3P (k) < 5. (3)
We can use Pf(0:k —1) and Q!(k) to express i (k):
ap(k) = (v' = k)(P{(0: k — 1) + Qy(k)). (4)

We use H; to denote the history of the first ¢ rounds, which includes the realization of all
randomness in the first ¢ rounds. Bidders themselves do not necessarily observe the full history Hy.
Given H;_ 1, each bidder’s mixed strategy ! is determined, and k-th component of x¢ is exactly
Pr[bi =k | Hy_1].



Claim 8. Assume v! > 3. For anyi € M', any k € {0,1,...,v" — 3}, any t > 1, if the history of
the first t — 1 rounds Hy_y satisfies Pl_ (0 : k — 1) < 57 — 2y, then Prbj = k | Hi_1] < .

Proof. Suppose P{ (0 :k—1) < 2VN — 2v; holds. If i ;(k+ 1) —ai (k) > Vv, then by the
mean-based property, the conditional probability Pr[bi =k | ol _(k +1) — ai_;(k) > Vg, Hi—1] is
at most ;. Otherwise, we have o} ;(k+1) — ai_;(k) < V. Using () and (3),

Ve > O‘i—l(k +1) - 043‘21("3)
> (' =k = )Py (k) = Py (0: k= 1) — (o' — k) P22 @)

which implies '
Piy(k) < o k Q(V’Yt+Pt 1(0: k_l)) (5)

We then upper bound o} (k) by

af_1(k) < (o' —k) (P (0:k—1)+ 1P§ 1(k))
by @) < (v 1—k>PZ 10k = 1)+ g5 (Ve + Py (0: k- 1))
=1 k LV + (v =k + f )P; 10:k—1)
(v ko <3)<3Vy+ (v —k+3)P1(0: k—1)
<3V +2VP (0 k—1).

By the assumption that P/ ;(0: k — 1) < 59 — 2%,
ol (R) < 8V +2V (g — 2%) = & — Vo

Then, we note that ai_;(v! —1) =P/ (0: 0! —=2)+Qi_; (v} —=1) > P (0:0l —=1) =% -1
where the last equality holds because no bidder bids above v! — 1 by assumption. Therefore,

af_ (v =1)—aj_(k) > & — (% — V) =V

From the mean-based property, Pr[bi = k | a!_;(k + 1) — o (k) < Vo, Hi—1] < v, implying
Pr[bi =k | Hi_1] < . O

Claim 9. Suppose |M'| > 3 and v! > 2. For anyt > 1 such that Y < 12N2V2, if the history of
the first t — 1 rounds Hy 1 satisfies = Zi T1[E e MY <ot - 3] < T, then, Vi € M*,
Pr[bi = vt — 2| Hy_1] < .

4.2 Tteratively Eliminating Bids in {0,1,...,v' — 3}

In this subsection we show that, after a sufficiently long time, the frequency of bids in {0, 1,...,v! —

3} submitted by bidders in M! will decrease to a small constant level, with high probability
(Corollary . We show this by partitioning the time horizon into v' — 3 periods and using
an induction from 0 to v! — 3. Let constants ¢ = 1+ xv and d = [log (8NV)]. Let T}, be

any (constant) integer such that vz, < W and exp <—%) < % Let Ty = 12NVT, and

Ty, = Ty = Ty > (SNV)*Ty for k € {1,2,--- ,v' —3}. Let Ay be event

1 &

Ay = ﬁZ]l[Eli e ML b <k <
t=1

1
ANV

10



Lemma 10. Pr[Ap] > 1 —exp (— 25\’}‘/).
Proof. Consider any round t > Tp. For any i € M", given any history H;_; of the first ¢ — 1 rounds,
it holds that P/ ;(0: —1) =0 < 5% — 2% Hence by Claim 8} l,
Prlb; =0 | Hy-1] < .
Using a union bound over i € M?,
Pr[3i e MY bi =0 | Hi_q] < |MYy.

Let Z, = 1[3i € M',b; = 0] — [M'|y, and let X; = > \_p | Zs. We have E[Z; | H;4] < 0.
Therefore, the sequence X, 4+1, X1,42, ..., X7, is a supermartingale (with respect to the sequence
of history Hr,, Hr, 11, .., Hyy—1). By Azuma’s inequality, we have

To A2
Pr|: Z ZtEA:l §eXp (—M>
t=Tp+1 0 b
Let A = T,. We have with probability at least 1 — exp (—#%) >1—exp (—MTTI"J, we have
?in+1 Zy < Ty, or ZZETI;H 1[3Fi € MY b =0] < Ty, + Z'ngbH | M*|y;, which implies

1 & 1 To
. 1 37 . 1 32
T 11[azeM,bt_o]gTo<Tb+ > ]l[ﬂzeM,bt_O]>
t=1 t=Tp+1
1 o 1
— (21 M?
<T0( b+ Z ‘ h’t) S ANV
t=Tp+1

Tb_

where the last inequality holds due to 72 = {73~ and - Zt Ty41 1M e < IMYyr, < e O

Lemma 11. If [M'| > 2, then fork = 0,1,...,v' =4, Pr [Agr | A 2 1= exp (—'Fi@‘)

1152N2V?
Proof. Suppose Ay, holds. Consider Ayyi. We divide the rounds in [T}, Tk+1] to d = [log.(8NV)]
episodes such that T}, = T0 < Tk o < T = Tjyy where T/ = ¢I77" for j € [1,d]. Let

I} = [T)" + 1, 7}), with [T} =T] - 7]"".
We define a series of events Bj for j € [0,d]. B} is the same as Aj. For j € [1,d], By, is the

, , I
event ey 13 € M0 < +1] < 1

. . j j I
Claim 12. Vj € [0,d — 1], Pr Bi“ | Ak,B,}:,...,Bﬂ > 1 —exp(— %)

Proof. Suppose Ak,B,i, .. .,Bi happen. For simplicity, we write Ai = [Ak,Bé, e ,Bi]. Fix an
. . j ,
i € M', consider P%Iz(O : k). Recall that P}g(O k) = Tigz;fﬁl]l[maxi/# b < k]. Because

|MY| > 2, the event [maxl-r# bi" < k] implies that there exists * € M!, i* # i, such that b} < k.
j . ;
Therefore PZ (O k) < o ZtTil 1[3i € M', b < k]. Given A7, we have

T]<Z]lElzeMle<k+ > [aieMl,bgng])
k tertu.-urs

1 1 | 1 1
< (7 T T, < 1
= Tii< vy T k>8NV) S INV

11



Then, for any round t € Fﬁl = [T,g +1, Tg“], we have

t—1
i 1 i i Z i/
s=TJ+1

1 -] ;
<H<T54Nv “‘“Ti))
v
L T
ANV T,ﬂ“

(since T/ <t —1< T/ <

- - 1
: 1
(since T} ™' =cT}) < INTV
(since v < V1, < rp) < INV 2.

Therefore, according to Claim |8 for any history H;_; that satisfies Ai it holds that
Pr [b;’ —b ‘ Ht_l,Aﬂ <

for any b € [0,k + 1]. Consider the event [3i € M' bl < k + 1]. Using union bounds over i € M!
and b € {0,...,k+ 1},

Pr [Eiz' e MLb <k+1 ( Ht_l,Aﬂ < |M!|Pr [b;’ <k+1 ‘ Ht_l,Aﬂ
< MYk + 2 < MYV

Let Z, = 1[3i € M, bl < k+1]—|M*|V~, and let X, = ZZ:TgH Zs. We have E[Z; | AL, H,—1] < 0.

Therefore, the sequence X, e X IUYRRRS X g+1 is a supermartingale (with respect to the sequence
k k k
of history HT,f’HTg-H’ ey HTg“—l)' By Azuma’s inequality, for any A > 0, we have
le+1 . AZ
Pr Z Z,gZA‘A?C < exp -~ |-
- 21y
t=T7+1

AN . . B LA . Iva
Let A = 557 Then with probability at least 1 — exp | —ymyzyz | We have > reritt Zt < s
k

which implies

j+1
Y 1[Fe ML b <k+1]< ’24§vv| + Y MYy
terytt terit!
+1 41 +1
= 24NV 12N2V2 = 8NV’

Suppose Ay, happens. Using Claim [[2)with j = 0,1,...,d—1, we have, with probability at least

12



j
1-— Z;l:1 exp <_115|2FJ\]§|2V2>’ all the events B,i, e ,Bg hold, which implies

Tk+1
1 A
d1Fie MLb <k+1]< < [aieMl,bgng])
Thy1 = " Tt 1 .,
= terLu--urd
< (T 1+ (Tost = Tp) - — )
=T k* k17 k) Ry
1 T, \ 1
mce Ty 2 GNVIT) < 4 (10 D) L
(since T 2 BNVIT) < g + 1= 71 saw
1
< —.
~— ANV
Thus Agy1 holds. O
Using an induction from k = 0,1,... to v' — 4, we get, with probability at least 1 — exp ( —
j
24TTbv) — ZI_O4 Zj 1exp( — %), all events Ag, Ay,...,A,i_3 hold. Then we bound the
probability. Note that || = Tj_1 = ch_l - ch_2 = c|Fi_1], for any k € {0,1,2,...,v! —4}
and j € {2,...,d}, and that |I‘ | = c|T¢_,| for any k € {1,2,...,v! —4}. We also note that
—4—d rs 1_3)d—1 ST
T4 = (¢ — 1)Ty = Tp. Thus, 1 Z:O > ie1 exp (— %) E(U exp ( — TEgnire)-
Moreover, we can show that 23):0_ -1 exp ( %) < 2exp (—HSQTTVQ) Hence, we obtain

the following corollary (see Appendix [B| for a proof):

Corollary 13. Pr[A,i_3] > 1—exp ( - 24?’}‘/) — 2exp ( — 115;%)

4.3 Eliminating v' — 2

In this subsection, we continue partitioning the time horizon after T,1_s, all the way to infinity, to
show two points: (1) the frequency of bids in {0,1,...,v! — 3} from bidders in M*! approaches 0;
(2) the frequency of v! — 2 also approaches 0. Again let ¢ = 1 + ﬁ Let T? = Tvl,g,TéHrl =
TR TEHL = [TF + 1, TF 1 k > 0. Let 6 = (%)%,t > 0. For each k > 0, define

k—1
11 )
Fry = % anv Z e S5T5+§|M |V VTLf’
and
1 k—1 k—1
= 1
T
s=0 s=0
Claim 14. If Ty, is sufficiently large such that drx + |M1|V7T§ < ﬁ, then Fpri < Fri < ﬁ

for every k>0 and limy_ Fry. = limy_ o0 Fpr = 0.

Lemma 15. Suppose |M1] > 2. Let Ty be any sufficiently large constant. Let AF be the event
that for all s < k Zt 1]1[32 € M'. b} < o' —3] < Frs. Then, Pr[A¥] > 1 —exp (—25\3‘/) —

2 Ts
2exp (—d%) —2exp ( (HSJFTVQ) ) Moreover, if [M*| > 3, we can add the following event
to AF: for all s < k, 7 7= Ztalll[ﬂzeMl bi <w 72]<FTS

13



The proof is similar to that of Lemma [I1] except that we use Claim [J] to argue that bidders bid
v! — 2 with low frequency.

Proof of Theorem [4. Suppose |[M?'| > 3. We note that the event A¥ implies that for any time
telh =T+ 1,1y,

t Tk
1 . 1 13 1 1 . 1 71 1
t;ﬂ[ﬂzeM,bsgv —Q]St;]l[ﬂzeM,bsgv -2

1 ., ~
S ZTIfFT(f
(since t > %Tf) < cﬁTf. (6)

We note that A*=1 O A* so by Lemmawith probability at least Pr[Ng A% = limy_,o Pr[AF] >

1
1—exp <_24TTbV> —2exp <_1152TW —2exp (—(1155%)5) all events A%, AL ... A¥ . happen.
Then, according to @ and Claim we have

t

lim 1[3i e MY, bL < o' —2] < lim cFp = 0.

t—oo t = k—o00 a
Letting T, — oo proves the first result of the theorem. The second result follows from the obser-
vation that, when %22:1 1[3 € M', b < v' — 2] < o, all bidders in M will choose bids in
{0,1,...,v! — 2} with probability at most (v! — 1)v41 in round ¢ + 1 according to Claim |8 and
Claim@ and that (v! — 1)y41 — 0 as t — oo. O

5 Experimental Results

5.1 |M'| =2: Convergence to Two Equilibria

For the case of |M'| = 2, we showed in Theorem [5| that any mean-based algorithm must converge
to one of the two equilibria where the two players in M"' bid v! — 1 or v' — 2. One may wonder
whether there is a theoretical guarantee of which equilibrium will be obtained. We give experimental
results to show that, in fact, both equilibria can be obtained under a same randomized mean-based
algorithm in different runs. We demonstrate this by the e4-Greedy algorithm (defined in Example.
Interestingly, under the same setting, the MWU algorithm always converges to the equilibrium of
vt — 1. In the experiment, we let n = |M'| =2, v! =02 =V = 4.

e-Greedy converges to two equilibria We run ¢,-Greedy with ¢, = \/T/t for 1000 times. In
each time, we run it for 7' = 2000 rounds. After it finishes, we use the frequency of bids from
bidder 1 to determine which equilibrium the algorithm will converge to: if the frequency of bid 2 is
above 0.9, we consider it converging to the equilibrium of v! — 2; if the frequency of bid 3 is above
0.9, we consider it converging to the equilibrium of v' — 1; if neither happens, we consider it as
“not converged yet”. Among the 1000 times we found 868 times of v! — 2, 132 times of v! — 1, and
0 times of “not converged yet”; namely, the probability of converging to v! — 2 is roughly 87%.

We give two figures of the change of bid frequency of player 1 and 2: Figure[l]is for the case of
converging to v!' — 2; Figure [2|is for v! — 1. The x-axis is round ¢ and the y-axis is the frequency
7 S 1[bE = b] of each bid b € {0, 1,2,3}. For clarity, we only show the first 500 rounds.
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player 1's bid frequency, greedy, eps=1/Asqrt{t}, v=[4 4]

player 2's bid frequency, greedy, eps=1/\sqri{t}, v=[4 4]
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Figure 1: |M'| = 2, e.-Greedy, v! = v! = 4, converging to v! — 2
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player 1's bid frequency, MWU, eps = 1/\sqrt{t}, v=[4 4] 1 player 1's mixed strategy, MWU, eps = 1/\sqri{t}, v=[4 4]
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Figure 3: [M'| =2, MWU, v! = v? = 4, converging to v! — 1

MWU always converges to v! —1 We run MWU with ¢; = \/r/t Same as the previous
experiment, we run the algorithm for 1000 times and count how many times the algorithm converges
to the equilibrium of v! — 2 and to v' — 1. We found that, in all 1000 times, MWU converged to
v! — 1. Figure |3 shows the change of player 1’s (a) bid frequency and (b) mixed strategy .

5.2 |M'| =1: Non-Convergence

For the case of |M!| = 1 we showed that not all mean-based algorithms can converge to equilibrium,
using the example of Follow the Leader (Example @ Here we experimentally demonstrate that
such non-convergence results also hold for more natural (and even no-regret) mean-based algorithms
like e-Greedy and MWU.

In the experiment we let n = 2, v! = 8,v? = 6. We run &;-Greedy and MWU both with
g¢ = 1/+4/t for T = 10000 rounds.

For &;-Greedy, Figure 4/ shows that: (a) player 1’s frequency of bidding v? = 6 seems to converge
to 1; but (b) player 2’s bid frequency oscillates; (c¢) player 1’s mixed strategy does not last-iterate
converge; (d) player 2 switches between bids 3 and 5. Intuitively, this phenomenon is because:
in the e;-Greedy algorithm, when player 1 bids v?> = 6 with high probability, she also sometimes
chooses bids uniformly at random, in which case the best response for player 2 is to bid v?/2 = 3;
but after player 2 switches to 3, player 1 will find it beneficial to lower her bid from 6 to 5; then
player 2 will switch to 5 to win the item with 1/2 probability; but then player 1 will increase to 6
to outbid player 2; ...; hence entering a cycle.

For MWU, Figure [5| shows that: player 1’s bid frequency (a) and mixed strategy (c) seem to
converge to always bidding v? = 6; but player 2’s bid frequency (b) and mixed strategy (d) do not
seem to converge.

6 Conclusions and Future Directions

In this work we show that, in repeated first price auctions with fixed values, mean-based learning
bidders converge to a Nash equilibrium of the auction in the presence of competition, in the sense
that at least two bidders share the highest value. Without competition, we provide examples of

16



] player 1's bld frequency, greedy, eps_1l\sqrt{t}, v_[S 6]

- e
e |
08,
U —_2
S R 3
0.6 3]
l ——5
— —.6
0.4 |
I
02[\ |
i
) — -—n.—_ —
0|l~.._ - e e e e
0 2000 4000 6000 8000 10000

(a) Player 1’s bid frequency

] player 1 s mlxed strategy, greedy, eps_1 f\sqrt{t}, v=[8 6]

I — 2
R: N1 B I T N | I T [ EERTTERS 3
4
——5
0.6 I
0.4 ]
0.2 1
ol ]
0 2000 4000 6000 8000 10000

(c) Player 1’s mixed strategy

Figure 4: |[M*| = 1, g;-Greedy, v!

player 1's bld frequency, MWU, eps 1I\sqrt(t}, v=[8 6]

OO WwhN

2000 4000 6000 8000 10000

(a) Player 1’s bid frequency

player 1's mlxed strategy, MWU, eps 1I\sqrt{t}, v=[8 6]

N ~e T
i
0.8 ——-2 |
-------- 3
0.6 41
— =5
0.4 ——o6 )
0 2000 4000 6000 8000 10000

(c) Player 1’s mixed strategy

] player 2's bid frequency, greedy, eps=1/\sqrt{t}, v=[8 6]

081 e -
II 1'/ \ y"—‘\\ —_..-—-
||\ VN -

0.6t —-=-2|

-------- 3
4
— — 5 <
2000 4000 6000 8000 10000

(b) Player 2’s bid frequency

player 2's mixed strategy, greedy, eps_1 I\sqrt[t}, v=[8 6]

TR A
os il i |I|“ II L mp—
g T s
oolgll g orim 1! S |
Wi 1 Lo
oagl iy D L ]
Si o T 1! Iy
il (L il I
02i=! I ||:H :| ;! ]
TR Lo
S-S N
0 2000 4000 6000 8000 10000

(d) Player 2’s mixed strategy

=8,12=6

] player 2's bid frequency, MWU, eps = 1Asqrt{t}, v=[8 6]

0.8 T, q

L U

0.6 1
—_———2

04y e 3|4
4

—_— 5]

e b i sk ¥ bk o B 5Pkl B ik e B i B e & i b ok & e & kil § e b

0 2000 4000 6000 8000 10000

(b) Player 2’s bid frequency

1p|ayer 2's mixed strategy, MWU, eps = 1/\sqrt{t}, v=[8 6]

I
08\ .
T - T —
\ ’1 S ~ - —
0.6 - 1
—_—————2
|||||||| 3 ]
0.4‘ 4
——5
0.2 b
0 O v R Tt e e ]
0 2000 4000 6000 8000 10000

(d) Player 2’s mixed strategy

Figure 5: |[M'| =1, MWU, v! =812 =6



mean-based algorithms that do not converge to a Nash equilibrium. The example algorithms we
give are not necessarily no-regret. Understanding the convergence property of no-regret algorithms
in the absence of competition is a natural and interesting future direction. In fact, [Kolumbus
and Nisan (2021)) point out the existence of non-mean-based no-regret algorithms that provably do
not converge. It is hence open to prove (non-)convergence for mean-based no-regret algorithms.
Analyzing repeated first price auctions where bidders have time-varying values is also a natural,
yet challenging, future direction.
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A Missing Proofs from Section

A.1 Proof of Theorem [5

Suppose |M*| = 2. We will prove that, for any sufficiently large integer T}, with probability at least

3e/4
1—exp (= yiibyr) —2exp ( — prsmepe) — 255 (BY)*

, one of following two events must happen:

o limy oo 30 1[Vie MY bL=v! —1] =1 and limy_o0 Prb} = v! — 1] = 1.
And if n > 3 and v® = v! — 1, only the second event happens. Letting T, — oo proves Theorem
We reuse the argument in Section Assume v! > 3E| Recall that we defined ¢ =1 + ﬁ,

d = [log.(8NV)]|; T} is any integer such that vz, < W and exp <—1§gg%) < 5T =

12NV Ty; Tpi_s = ' 34T, We defined A,1_3 to be the event —— Et TP 1[E e ML <
vt —3] < ﬁ. According to Corollary., Av1_3 holds with probablhty at least 1 —exp (_24TT‘/> —

2exp (—d%) Suppose A,1_3 holds.
Now we partition the time horizon after T,1_3 as follows: let TO = T,1_g5, T = C(k + 24NV)2,
T, .
Vk > 0, where C' = (24];7;?’)2 so that T = C(0 4 24NV)2. Denote I'**1 = [TF + 1, TF+1], with
DA+ = TF1 — TF  (We note that the notations here have different meanings than those in
Section ) We define §; = (%)l/g,t > 0. For each k£ > 0, we define

Terl

: P B S
Th T Tk 4NV T L
Let A be event
Tk'
1 & :
Ak = ﬁZ]l[Hi € M', b} <v'—3] < Fpy
@ =1

We note that A2 = A,1_5 because Fro = ﬁ.
In the proof we will always let T} to be sufficiently large. This implies that all the times
Ty, T _3, TO, T, etc., are sufficiently large.
A.1.1 Additional Notations, Claims, and Lemmas
Claim 16. When Tj, is sufficiently large,
° FT§+1 < FT‘;C < ﬁ for every k > 0.
L] hmkﬁoo FTLf =0.
Proof. Since 670 — 0 and 70 — 0 as T, — oo, when T, is sufficiently large we have

T 1 T - 19 T 1 TH-TY 1 1

Foy — -0 Ml —
LT TUANY T T (Ory + M |Voyrg) < TNV T T T INV ANV

a

— FT(Q

"If v* = 1, Theorem [5| trivially holds. If v' = 2, we let T,1_5 = To = Tp; A,1_3 holds with probability 1 since
ﬁ ZtTii’?’ 1[3i € M*,b; < v' — 3] = 0; the argument for v' > 3 will still apply.
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Since d7s and ~yrs are both decreasing, we have

Ts+1 S Ts+1
FTk > Z aéT +Z |M1‘V"}/Ts
Terl s Terl

> TF adiJrZ a|M1|V7Tk = Op + [ MV,

Thus,
- k k+1 k k k+1 k
by definition T T T T T —-T
FTf'H = k(—li-l FT§ + ] ((5Tk + |M ‘V"}/Tk) | FTk 4+ & 1 a FTk = FT§'
Ty Ty Ty Ty

Then we prove limg_.oo Fri. = 0. For every 0 < e < ﬁ, we can find k sufficiently large such

that o7x < §, and ypx < For any [ > [k/c], we have Ty < Iy < §. Then

6|M1\V TL = TL

7O 1 AT T

Fpo=-% + % (67s + |MHVyrs)
o TLANV = TL
€ Ts+1 Ts -1 Ts+1 Ts
g QZ T(%k‘*‘\M Vo)
s=k a
€ T’C
g Tl + 5Tk + ‘M ’V’)/Tk
3 3 3
Since Fri is non-negative, we have limg_, oo Frir =0. [

. o0 1 1)52 2 _1 2 (48NV\3e/4
Claim 17. 25:0 exXp <—§|FZ+ |(5 ;) S e—2 (Be/d S E(T) .

Proof. Recall that T3t = s+t — T3 52, = (A)V/8 and T = C(s + 24NV)2. Hence,

Zexp ( FS'H](STe) — ZeXp <_;(Tas+l _ TS) (T5)1/4>
s=0
B o 1 1 1/4
=2 o | =50 + 24NV) + 1) (Fr—gme)
s=0
00 3/4 1 1/2
<> exp (—C4 (s + 2UNV) ()
s=0
= Zexp( C3/4\/m>
s=0
< iex (—C’gﬂle)
< p ”3
=2

< /:_01 exp (—03/4\/5) dx

= 1 1 2
(using e* > z¢ for x > 0) < / dz = ) )
o1 (C3/%/x)e C3e/4 e —2
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Substituting C' = (27;”];{/3)2 _ (722;,15])\[ VT, > (1224%‘(;; = 48 ~y7 broves the claim. ]
Fact 18. k+1 >1- M%V'
Proof. By definition,
" _(k+24NV)? :1_2(k+24NV)+1> B 2 _— 2
TET ~ (k+ 24NV +1)? (k+2ANV +1)2 = k+24NV+1-  k+24NV
[

Claim 19. When A holds, we have, for every t € TE+1 = [TF 4+ 1, Tk+1],

t—1

1

— 1[3i e M', b, <v' —3] < Fri +
s=1

2 1
<
k+ 24NV — 2NV

- 2’}/t

Proof. When AF holds, for every ¢ € TA+1

t—1

ﬁ ]].[ElZGMleSU —3]
s=1

1
— (TfFTf F(t—1- Tf))
R

. k k
(since TF <t —1 < TF < Frr + poas

2
by Fact [T8) < Fpi + — .
(by Fact[[8) < Fry + 7=

Since FTk <7 NV by Clalm E and v < 13 Nl2v2 by assumption, the above expression is further
1
bounded by 737 + yaiay < mv + vy = v < aav — 20 =

Lemma 20. For every k > 0, Pr[A*1 | A¥] > 1 —exp (—%]F’;“M%k).

Proof. Given Ak according to Claim it holds that for every t € I'*+1, t_% Zi;ll 1[3i € MLb <
vt —3] < 5 NV — 2. Then according to Clalm l for any history H;_1,

Pr[3i € M',bi < o' — 3| Hy_y, A¥] < MV

Let Z; = 1[3i € ML, bi < vt —3] — | MV~ and let X; = 222T5+1 Zs. We have E[Z, | H;—1, A¥] <

0. Therefore, the sequence XT(;C +1aXT§ 49+ Xprt1 IS a supermartingale (with respect to the
sequence of history Hepw, Hypeyqs ooy H k41 ). By Azuma’s inequality, for any A > 0, we have
D 'f =
T Zt>A’A <exp<—k>.
= = +1
2[5

Let A = |5+ |67, Then with probability at least 1 —exp (— 3|Th+|67,.), we get Y, w1 1[Fi €
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MY by <ot =3] < A+ MMV, ke < TR 0g + [MY VDL 7k, which implies

1 Tg’f-‘-l

—7 Y 1[Fie M' b} < o' -3

Ta t=1
1 &

= W(Zn[ai e M\ bi<v' =3+ ) 1Fie M b <o —3])
a t=1 terk+l
1

< et (T B + D5 o + 1M VIEE )

a

(by definition) = Fpe1

and thus A**1 holds. O

Denote by f{(b) the frequency of bid b in the first ¢ rounds for bidder i:

t

fim =131 =1
s=1
Let fi(0:v! —3) = %Zizl 1[bi < o' —3].
Claim 21. If the history Hy,_1 satisfies fi_j(vl — 1) > 2(X + V) and 2 STV 1[Fi e ML <
v' —3] < X for some X € [0,1], then we have Pr[b! = v' —2 | H;_1] < 7 for the other i’ #i € M".

Proof. Consider o |(v' —1) and o} ;(v' —2). On the one hand,

O (0" 1) = 1x (1= @ = D) 45 x fla 0l =)= 1= L =1 ()

On the other hand, since having more bidders with bids no larger than v' — 2 only decreases the
utility of a bidder who bids v! — 2, we can upper bound afg/_l(vl —2) by

04?—1(111 —2)<2x fi1(0: 0" =3)+ 1 x (1= fi (v =1) = f{_1(0: 0" =3))
=1—fi (o' = 1)+ f{_1(0: 0" = 3)
<1—fl(v' =1)+ X, (8)

where the last inequality holds because f;{_;(0: v! —3) < 25 SN 1[Ei e MY, <ot - 3] < X.
Combining and , we get

-/ - 1 . . 1 .
a1 (vt —=1) —aj_(v' =2) > (1~ ifttl) —(I-fia+X)= §ft21(’01 —1)-X>Vy
This implies Pr[b! = v' — 2| H,_1] < 7; according to the mean-based property. O

A.1.2 Proof of the General Case

We consider k& = 0,1,... to co. For each k, we suppose A%, Al ... A hold, which happens with
probability at least 1 — Zlg;é exp (— 3|571|62.) according to Lemma [20] given that A = A,1_3
already held. The proof is divided into two cases based on f%k (vt —1).
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Case 1: For allk >0, fi,(v' = 1) <16(Frx + jayy + Vvre) for both i € M.
We argue that the two bidders in M! converge to playing v' — 2 in this case.
According to Lemma all events A AL ... Ak . . happen with probability at least 1 —

2o exp (—5T5+162, ). Claim |19 and Claim|16]then imply that, for both i € M,

' 2
. I . 1 _ < 1 T =
i fi(0: 07 =3) < Jinn <FTa’“+ k+24NV)

Because for every t € Th*+! = [TF 41, TF1] we have f{(v!—1) <
2ka (v! — 1) and by condition ka( —1) — 0 as k — oo, we have

. il 1) —
Jim (0! ~1) = 0.
Therefore,
. i1 — 1 iy ..l _opi, 1 —
tlif&ft(v 2) tlglolol fi(0:v =3) = fi(v' = 1) =1,
which implies

t—o0

t
.1 , 1gi o1
hm; E_ 1Vie M b, =v —2] = 1.

Case 2: There exists k > 0 such that fi,(v' —1) > 16(F7px + k—ﬂﬁ + Voypx) for some i € M*.

If this case happens, we argue that the two bidders in M! converge to playing v — 1.
We first prove that, after £ = k + 24NV periods (i.e., at time TF*+), the frequency of v! — 1 for
both bidders in M is greater than 4(FT§+Z + m + V'7T§”)7 with high probability.

Lemma 22. Suppose that, at time TF, A¥ holds and for some i € M*, f;k(vl —1) > 16(F7px +

k:+24NV +Vpx) holds. Then, with probability at least 1— 221’““ ! ( ]F]+1|52 ) the following
events happen at time TFT, where £ = k 4+ 24NV :

° A’;—M;
e For both i € M* f k+£( -1)> 4(FT§+‘ + (k-&-é)% + V’nyM)'

Proof. We prove by an induction from j = k to k+£— 1. Given Al AT happens with probability
at least 1 — exp (—%|F{1+1\5;j) according to Lemma Hence, with probability at least 1 —

Zfif;fl exp <—%|I’{'LH |6:2Fg')’ all events AF Ak+1  Ak+£ happen.
Now we consider the second event. For all ¢t € FZLH, noticing tha T > T:]F{l > TCZCL =
k+24NV)? 1 ’ ’
(2((I<:+24NV)))2 = 7, we have
i (1 Ty i 1 Loy oa
fiaaw =1) = mef(v -1)= ZfT(f(U —-1)
2
(by condition) > 4(Fpx + AN + Voge) (9)
2
(Frx and ypx are decreasing in k) > 4(FT3 + TNV + VWT({).
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According to Claim given A} we have ] SETI1[E e ML <ot = 3] < Fri+ j-ﬂ%
sNv — 2. Using Claim 21| with X = Fy; + s53xy, we have, for bidder i # i,i' € M*, Pr[b] =

vt —2 | Hy1] <. By Claim Pr[b!’ <v'—3| Hy 1] < (V — 1)y Combining the two, we get
Pripl =o' —1|Hy 4] >1— V.

Let A = |F§+1|6T§. Similar to the proof of Lemma we can use Azuma’s inequality to argue
that, with probability at least 1 — exp(—3[T%™|§2, ), it holds that

oAb =o' =1> Y (A= V=) > T = Vg —69)-

i+1 i+1
terit terit

An induction shows that, with probability at least 1 — Z?Lﬁ_l exp (—%|Fﬁ+1|5;j), D it 1[0 =

ol —1] > - Vi — 0p) holds for all j € {k,...,k+¢—1}. Therefore,

3 1 y
%5“(”1_1)2 TE+e 0+ > 1b; =o' 1]

a
terkt1y..urkte

1
> TE+e (|FZ+1|(1 — V’YTC{C — 5T(§) + -+ |F§+e|(1 — V7T5+£—1 — (STéché—l))
a
1
> g (T o T - (1= Vg — b))
Tf-‘rf _ Tk

= TaTga(l — Vypr — k)

_ 4(k+24NV)? — (k4 24NV)?
B 4(k + 24NV)?

(1- V%Q’; - 5T(§)

3

= 1(1 = Vo — 5T§)

(assuming Ty, is large enough)
> 4

FTk+é +

v .
Y R0 f ANy PVTf*Z)

This proves the claim for i’ € M. The claim for i € M follows from (9) and the fact that Fru
and yx are decreasing in k. O

We denote by kg = k + £ the time period at which f;c,fo (vt —1) > 4(FT§0 + IW%NV + V’nyO)
for both i € M'. We continuing the analysis for each period k > ko. Define sequence (G ):

Tko 2 ~— Tt T
Grp = 4 <FT§O T TNy T Vmo) + > “ (L= Vg = o1), for k> ko,
a S:k'() a

where we recall that §; = (%)1/8. We note that f;«fo (vt —1) > GTfO = 4(FT§0 + m + V’nyo).
Claim 23. When T}, is sufficiently large,
o Gpk > 4(FTk0 + W% + VkaO) for every k > kg.

o limy o GTL;C =1.
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Proof. Since 1 — Vyrs — drs — 1 as T, — oo, for sufficiently large T;, we have 1 — Vyps — d7s >
4(FT;€O + ko+2+JVV —+ V"}’Tfo) and hence GT&“ 2 4(FT50 =+ Wﬁ =+ V'YTkO)

. . : k—1 Tgtt 13
Now we prove limy_,oc Gy = 1. Consider the second term in Gopk, > ;0 T (1= Vrrs —
drs). Since

k—1

N

Tt T3 s 2(s+24NV)+1  (k+ VE +48NV)(k — V)

Tk - kE+24NV)2 k+ 24NV)?
= T e (kAN (k+24NV)

—1

I
B

and 1 — Vype — o — 1 as k — oo, for any ¢ > 0 we can always find K > ko such that

s+1 s
Zs—f Lo +T,: e« >1—¢/2forevery k > K and 1 — Vs —drs > 1 —¢/2 for every s > Vk. Hence,

s+1 s
Gre > Z L lay v o) > (1—e/2)(1—e/2) > 1,

In addition, GTéc < 1 when T} is sufficiently large. Therefore limy_, GTéc = 1. ]

Lemma 24. Fiz any k. Suppose AX holds and frw (vt —1) > Grx holds for both i € M. Then,
the following four events happen with probability at least 1 — 3 exp (—%]I’];HM%) :
o ARHL
. ;ﬁl(vl —1) > Gprer holds for both i € M';
o fi(w'—1) > (1 — ;5w )Grx holds for both i € M*, for any t € T,
o xi(v! —1)=Prbi =o' — 1| Hy_1] > 11—V, for both i € M', for any t € TF+1,

Proof. By Lemma AF+1 holds with probability at least 1—exp (—% Tk+1 |5§,k> . Now we consider

the second event. For every t € T**! we have

i (i Ty i
fioa (0t =1) > WfT;C(U —-1)
a
k
(by condition) > TTilGTi“

a

2

F 18) > (1 — ———— 1
(by Fact[I8) > < k:+24NV> Gy (10)
1
> §GT§

2
: S 2 .
(by Claim [23) > 2 (FT(ic + o 2ANY + V’YT(f)

In addition, according to Claim [19| A¥ implies

t—1
1
—— ) 1[Fie M b, <ov' = 3] < Fpy +

t—ls i

2 1
<
k+ 24NV — 2NV

— 2")/15

27



Using Claim [21) with X = Fpx + W%V, we get Pr[bi = v! — 2 | H;_1] < . Additionally, by
Claim we have Pr[b! < v! — 3| H;_1] < (V — 1). Therefore,

Prlbj =o' —1| Hiq] > 1 -V, (11)

Using Azuma’s inequality with A = [T5*1|67+., we have with probability at least 1—exp(—3|T5+!|62,,),

S oai=v' — 1> 3 (- Vo —bg) > DA - Vagg — b,

terkt! terk+t

It follows that

T k+1
a

. 1
Frpn (0 =1) > TR (TfGT;e + D5 = Vs — 5T§)) = Gprn

by definition.
Using a union bound, the first event A¥*! and the second event that f;f et =1) > Gri+

holds for both i € M! happen with probability at least 1 — 3 exp(—%]F’;H\(S%k). The third event is
given by and the forth event is given by . O

We use Lemma [24] from k to oo; from its third and fourth events, combined with Claim 23] we

get
, 2 ,
. i1 > 1 e _ . i
tllglo filvt =1) > klggo 1 2N Grr=1 and tll)rgoa:t 1,14,

which happens with probability at least 1 —3% 72 exp(—% F§+1|(5%k). This concludes the analysis
for Case 2.

Combining Case 1 and Case 2, we have that either lim;_oo + >\ 1[Vi € ML bl =0l —2] =1

happens or limtﬁoo%Zi,:l 1[Vi € MY, b. = v! — 1] = 1 happens (in which case we also have
limy o0 m% = 1,1_;) with overall probability at least 1 — exp ( — 247]3}‘,) — 2exp ( — %) —

33 gexp(—3 F§+1|6:2F§). Using Claim (17| concludes the proof.

A.1.3 The special case of v3 =v! — 1
Claim 25. Given fi(v'—2) > 1— m for alli € M, we have Pr[b} = vl —2 | H; 1] > 1— V.

Proof. If fi(v! —2) >1—¢,e= 4+2#NV’
be v! — 2 is at least 1 — 2¢, which implies

for all i € M' then the frequency of the maximum bid to

1
o (vt —2) > 25 (1= 2¢).

For any b < v! — 3,
ol 1 (b) < Ve,

Since v < W < 5, we have off_ (v! —2) —af_ (b) > 24 (1 —2¢) —2Ve > V', which implies,
according to mean-based property,

Pr[b} =o' —2] > 1 -V, O
Claim 26. If history Hy_1 satisfies fi_j(v' —2) > <& fori € M' and f} {(v' —2) > %, then

; = 10 107
Pl“[bi_l = Ul —2 | Htfl] < Yt -
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Proof. If fi_;(v' —=2) > & for i € M' and f} ,(v' —2) > % then we have

t—1
1 , 1 4
H{ig¢ MY bt =0l —2Y>2]>1-2x — =
t1§:1 [{i ¢ s =0 H=>2] > 10" 5
y 1
PLi(0:0! =3) <1—f2 (0! =2) < 10

Recall that Pj(k) = %Zézl 1[max;; bl = k]. By Pi(0 : k) we mean Z’Z:o Pi(¢). And we can
calculate

04?—1(”1 -1) - 0‘?—1(01 —-2)

t—1

s 1 1 ; 2
1 , 1.0 1
> P/ (v —1)x (2—0)+H21[’{1¢M thy =v — 2} > 2] x (1—§)
s=
+ P’ (0:0" —3) x (1-2)
S04 axs— =1
- 375 10 6
> Vo,
which implies Pr[b” ; = v' — 2| H;_1] < 4; according to mean-based property. O

We only provide a proof sketch here; the formal proof is complicated but similar to the above
proof for Case 2 and hence omitted. We prove by contradiction. Suppose Case 1 happens, that
is, at each time step T the frequency of v' — 1 for both bidders i € M, f% (vt — 1), is upper
bounded by the threshold 16(FT‘5 + M%V + V’yT‘f), which approaches 0 as & — oo. Assuming
A% ..., A¥ happen (which happens with high probability), the frequency of 0 : v! — 3 is also low.
Thus, f{(v! —2) must be close to 1. Then, according to Claim bidder 3 will bid v! — 2 with high
probability. Using Azuma’s inequality, with high probability, the frequency of bidder 3 bidding
v —2 in all future periods will be approximately 1, which increases f?(v! —2) to be close to 1 after
several periods. Then, according Claim bidder i € M will switch to bid v! — 1. After several
periods, the frequency fi, (v! — 1) will exceed 16(Fpx + M%V + Vrx) and thus satisfy Case 2.
This leads to a contradiction.

A.2 Proof of Proposition [6]

We consider a simple case where there are only two bidders with the same type v! = v? =
Let V = 3. The set of possible bids is B' = B2 = {0,1,2}. Denote fj(b) = 1>'_, 1[p} =
frequency of bidder 4’s bid in the first ¢ rounds.

. . . 3—1 . . . 3—1
Claim 27. Fori € {1,2}, ai(1) — ai(2) = f77(0) — £2 and ai(1) — ai(0) = f277(1) + L2

Proof. We can express o (b) using the frequencies as the following.

of0) = 10,
ap(1) = fEH (1) +2/77(0) = 1+ f77(0) = £ (2);
0l (2) = tg;@) 11— f3).
Then the claim follows from direct calculation. O
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We construct a y-mean-based algorithm Alg (Algorithm (1) with v, = O(ﬁ) such that, with
constant probability, lim;_,~ f{(1) = 1 but in infinitely many rounds the mixed strategy x; = 1.
The key idea is that, when ai(1) — a}(2) is positive but lower than V+; in some round ¢ (which
happens infinitely often), we let the algorithm bid 2 with certainty in round ¢ + 1. This does not
violate the mean-based property.

Algorithm 1 A mean-based bidding algorithm

1/3

Require: Tj > 640 such that exp ( — 7;00/0 ) < 1—16.
1: fort=1,2,...do

2. if t <Ty— T2/ then
3 Bid b, = 1.
4 elseifTo—TOQ/3+1§t§T0then
5 Bid b, = 0.
6: else
7
8
9

Find k such that 32T + 1 <t < 32817y,
if t = 32FTy + 1, argmax, oy_1(b) = 1, and o’ _;(1) —ai_;(2) < Vv, then

Bid b = 2.

10: else

11: Bid by = argmaxe g 1,9y 4—1(b) (break ties arbitrarily) with probability 1 — T} _ Jrll/ % and
0 with probability T} +11/ 5,

12: end if

13:  end if

14: end for

We note that this algorithm has no randomness in the first 7Tp rounds. It bids 1 in the first
To — TO2 /3 rounds and bid 0 in the remaining T02 /3 rounds. Define round T}, = 32*T} for k > 0. Let
v =1for1<t<Tyand v = T,;l/4 = OtV for t € [Ty +1,Tjy1] and all k > 0.

Claim 28. Algorithm is a y;-mean-based algorithm with v = O(t=1/4).

Proof. We only need to verify the mean-based property in round ¢ > Ty + 1 since ¢ = 1 for ¢ < Tp.
The proof follows by the definition and is straightforward: If the condition in Line 8 holds, where
argmax, a;_1(b) = 1 and ai (1) — af_;(2) < V, then the mean-based property does not apply
to bids 1 and 2 and the algorithm bids 0 with probability 0 < ;. Otherwise, according to Line 11,
the algorithm bids b’ ¢ argmax;, oy (b) with probability at most T} _:1/ 3 < V. O

_1 , _1
For k > 0, denote Ay, the event that for both ¢ € {1,2}, it holds that T} * < f7, (0) < 2T *

and f%k (2) = T% Since both bidders submit deterministic bids in the first Ty rounds, it is easy to
check that Ag holds probability 1.

The following two claims show that if Ag, Aq,... all happen, then the dynamics time-average
converges to 1 while in the meantime, both of the bidders bid 2 at round T}, + 1 for all £ > 0.

Claim 29. If A, happens, then both of the bidders bid 2 in round Ty + 1.

Proof. According to Claim we know that for any i € {1,2} and any ¢ > Tp,

3—1
i1 (1)~ af1 (0) = 5 (1) + 710

0.
9 >
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Thus argmax,{ai_;(b)} # 0 for any history H;_;. Again by Claim we have for any i € {1, 2}.

k : : 330 3,02

1
0<T,* =7 < op(l) =g, (2) = fr,"(0) = < f7, (0) <2137 <3Tk = 3Y1341-

2
It follows by the definition of Algorithm [I| that both bidders bid 2 in round T} + 1. O
Claim 30. For any k > 0 and i € {1,2}, if Apy1 holds, then fi(1) > 64Tk+31 73’2]“ holds for
any t € [Ty, Ti41]-
Proof. Let Agy1 holds. Then
tfi(0) _ fi(0)
2Tk+1 = ka+1( ) = Tt 2 32
which implies that f’}k (0) < 64Tk - Similarly, we have fi2) < :,iik The claim follows by
fi(1) =1~ f(0) — fi(2). H

We now bound the probability of Ay, given the fact that Ay happens, which is used later to
derive a constant lower bound on the probability that A happens for all £ > 0.

Claim 31. For any k > 0,

T
PrlAji1 | Ag] > 1 —4dexp 91361

Proof. Suppose that A; happens. We know from Claim [29|that both bidders bid 2 in round T} + 1.
The following claim shows the behaviour of the algorithm in rounds [T} + 2, Tky1].

Claim 32. For any i € {1,2} and any t € [Ty, + 2, Ti11],
, 1
Proy =1[Ax] =1-T, 7
1
Prib; = 0| Ay] = T, %

Proof. According to the definition of Algorithm |1} it suffices to prove that for any ¢ € [Ty + 2, Ty 1]
and i € {1,2}, argmax,{ai_;(b)} = 1 holds.
We prove it by induction. For the base case, it is easy to verify that o/T (1) = ozi;p +1(2) =

2
ka+1( ) — fT’“H( ) > 0,Vi € {1,2}. Suppose the claim holds for all of the rounds [T} + 2,¢]. Then
none of the bldders bids 2 in rounds [T} + 2,¢]. It follows that for any i € {1, 2},

0i(1) — af2) = f-i(0) - #2

IO k1

- 32 2T},

- 117k+1

ooy T
32T} k

3
> 0 (since Ty > 642).

Therefore argmax,{ai_;(b)} = 1. This completes the induction step. O
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From the above proof we can also conclude that for i € {1, 2}, f}kH(Q) = %
Note that the bidding strategies of a bidder at different rounds in [T}, +2, T 1] are independent.

According to Chernoff bound, we have for ¢ € {1,2},

Tk+1

29T — Tk — 1 ; 31T — Tk —1 Tpy — T —1
D) 1[b;:0]§%/~v+11k‘Ak > 1 - gexp e =Tl
TkSJrl s=T+2 Tker 1 450Tk3+1
1
T§
>1—2exp | — nsd
900

1

T3
Therefore, with probability at least 1 —4 exp (— 505 ) , both of the above event happens. It implies

that for ¢ € {1,2}

1
Thy1

29T — T —1
% 1
Tk3+1

1 T, 29Tj4 — T, —1

f1i,,(0) >

Ti.f7,, (0) +

ST\ TR g
k k+1
323 29
32T, 32T,
1
Z l )
Tk3+1
and
» 1 - 31Ty — T — 1
7. (0) < Tif7.(0) + —
k+1
1 2T, 31Ty —Tp—1
< - % + %%
AT T
1
< 2 X ?123 n 31l
3217, 30Ty,
2
s1
T4
Therefore, Ax11 holds. This completes the proof. O
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Using a union bound, we have

o0
Pr(Vk > 0, Ay, holds] > Pr[Ag] [ [ Pr[Ags1 | Al
k=0

30 o 900

%

.

>1-8 -9

exp 30
1
> -
=2

Therefore, with probability at least %, the dynamics time-average converges to the equilibrium of
1, while both bidders’ mixed strategies do not converge in the last-iterate sense. This completes
the proof.

A.3 Proof of Example

We only need to verify that the 0-mean-based property is satisfied for player 1 because players 2
and 3 always get zero utility no matter what they bid. Let ¢; denote the fraction of the first ¢
rounds where one of players 2 and 3 bids 6 (in the other 1 — ¢ fraction of rounds both players 2 and
3 bid 1); clearly, ¢; > % for any ¢t > 1. For player 1, at each round ¢ her average utility by bidding 7
is oy _1(7) = 10— 7 = 3; by bidding 6, oy _;(6) = (10— 6)(Fq—1 + (1 —q—1)) = 4(1 — L5*) < § < 3;
by bidding 2, of_;(2) = (10 — 2)(1 — ¢t—1) < § < 3; and clearly o]_;(b) < 3 for any other bid.
Hence, 7 = argmaxcz {a;_;(b)}.

B Missing Proofs from Section

B.1 Proof of Claim
Let T' = {s < t— 1|3 € ML b < vl —3}. Tt follows that the premise of the claim becomes

% < sx. First, note that
t—1
7 1 1 il 1
P00 =3)= — I[maxb; < v — 3]
t—1 il i

s=1
t—1

< — 13 M1b2<1—3:7<7. 12

_tflﬁl[le R e G (12)
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Then, according to ,

0‘%—1(1)1 -1) - ai—l(vl - 2)
=@ (v' = 1)+ P (v —2)—2Q; (v —2) = P/ (0: 0" = 3). (13)

Using Qf_ (vt —1) > &P (v! —1) and Q{_;(v' —2) < 3P} ,(v! —2) from (3), we can lower
bound by

N ti—l(’Ul -1) - 5—1(0 ol — 3).

With , we get

1

. . 1 )
7 1 7 1 % 1
—1)— —2)>—P S| p—

If ¥P (v —1) = 3547 > Vg, then af_;(v! — 1) — ai_;(v' — 2) > V. Therefore, Pr[bj =
’Ul -2 ’ Ht—l] S t')/t.
Suppose %Pt’_l(vl -1) - ﬁ < V', which is equivalent to

; 1
Py} -1)< —=+NV
(vt = 1) 3y TV
Consider Qi ,(v! —2). By the definition of T, in all rounds s ¢ T and s <t — 1, we have that all
bidders in M! bid v! — 2 or v* — 1. If bidder i wins with bid v! — 2 in round s ¢ I, she must be
tied with at least two other bidders in M?! since |M!| > 3; if bidder i wins with bid v! — 2 (tied

with at least one other bidder) in round s € T", that round contributes at most % to the summation
in Q¢ ;(v! — 2). Therefore,

i1 L (=D Iy _1
Qialv _Q)St—1< 3 2) 37

1

0o,
3 18NV'

7<

s (14)

We then consider P,};l(v1 —2). Since P} 1(0 cvl=3)+ Pl (vt —2)+ Pl (vt —1) = 1, and recalling
that P/ 1(0: 0! —3) < 54 and P}, (v! — 1) < 51> + NV, we get

Pl (vt =2)=1-P ((0:0'=3)—P (v} —1)>1 - —— — — — NV~ (15)

Combining with , , and , we get

ai—1(vl —1) - ai—l(vl -2)

1 1 11 1
> - NV ) —2(> -
20+ < 3NV 3V V’“) <3 + 18NV> 3NV

1 3N+7
e ~ NV
37 ONV "
113 ! ince N>2and~ < —
237 Ry 1oNy e N=z2and v < ormr)
5 1 (since V > 3)
> 2 _ > V.
5 12NV =  TaNv '™

Therefore, by the mean-based property, Pr[bi = v! — 2| H;_1] < ;.
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B.2 Proof of Corollary
Using Lemma [10] and Lemma [I1] from k = 0 to v; — 4, we get

vl—4 d
oy
> >1-
Pr{A, 3] > Pr[Ap, A1,..., Ay 3] > 1 —exp < 24NV) kZ:O ;eXp < 1152N2V/2

Note that ]Fj| = Tj ijl = chfl - chfz = c]I‘{;l| for any k € {0,1,2,...,v" — 4} and
je{2,...,d}, and that \F | = c|F | for any k € {1,2,...,0! —4}. We also note that [T} =
(¢ —1)Ty = Tp. Thus,

1_ _
d |F ‘ (vt=3)d—1 CSTb
X pr— X PR — .
Z AP\ T 12212 > e 1152N2V/2

s=0

We then upper bound the above equation by

Ty
= ZeXp < 1152N2V2>

T ¢ —1)T,
_ 1
eXp( 1152N2v2> ( +ZeXp< 1152N2V2>>

It suffices to prove that > .2, exp (—%) <1.Sincec*—1>c—1+(s—1)(c?—¢),Vs>1,
we have

iex (=T
2 P\ T1152N212

S (c= DT (=T |\
< N )7h N 7h
<D exp < 1152n2v2 ) \ P\ T11manvey2

2_ —
where the second inequality holds because exp (—%) < exp (—%) < % by the as-

sumption on Tp. ]

B.3 Proof of Claim [14]

Since d7o — 0 and ypo — 0 as T, — oo, when T} is sufficiently large we have

1 1 c—1 1 1 c—1 1 1
Fri=-——o 5 MY Vo) < = < = Fro.
T T ANV (g +IM V) < Lo+ avw S awy — P
By definition, for every k > 1
1 c—1 1
FTf+1 = FTk —|— (5Tk + |M ’V’ka) , FT(f = EFT571 + Y (5Tf71 +|M ‘V’YTffl) .

Using the fact that FTéC < Friaa and that dpx + |Mt |Vyrk is decreasing in k, we have F Thtt <
Fri. < ﬁ. Similarly, we have FTk+1 < FTZf for any k£ > 0.
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Note that 5Tk — 0 and 'yTo — 0 as k — +oo Therefore, for any 0 < ¢ < we can find k

sufficiently large such that = /2 <& 0rs < g, and yps < g M1|V Then we have

4NV’

o 1
FT&“SFTﬁ_CkJrZ k- 35T5+Z|M

s=0
k21 L, i 1
c— c— c—
<3 ~+2 Z + D s O+ MV ——Sy2)
s=k/2
k—1
€ 1 € c—1
< §+2Ck/2 3 Z ck—s
s=k/2
P
=33 3 7
Thus for any [ > k, we have Fn < Fpi < e. Since Fpx and ﬁTg are both positive, we have

im0 Frppe = limy_so0 Fry = 0. O

B.4 Proof of Lemma [15]

We use an induction to prove the following:

T
PriAkt1) > 1 — —_b ) FS“ ..
4] 2 eXp( 2Ny ) T 2P 1152N2V2 ZeXp 97

We do not assume |[M?| > 3 for the moment. The base case follows from Corollary [11] because AY
is the same as A,1_3. Suppose A’; happens. Consider A’;*l. For any round t € F’g“,

t—1
. 1 .
Pg_l(o:vl—g)gm 1[3 € MY, b < o' — 3
s=1
Ty 4 =1 ,
:H<Zﬂ[aieM1,b;§v1—3]+ > ﬂ[aieMl,bggvl—:ﬂ)
s=1 s=Tk+1

1 1 TF
Fry < vp) <727 (4]\?V+(t_1_T‘f)>

1 ([ TF
(TF<t—1<TFY < — < + TR+ Tf)

— Tk \4NV
1 e<gmw) 1

TH! =cTF) = — — — 2.

T =) =5yy = any 2
By Claim [§| and a similar analysis to Claim for any history H;_; that satisfies A%,

Pr(3ie M',b; <v' =3 | Hp 1, AJ] < |M'|V7,. (16)

Let Z; = 1[3i € MY, b} < v!'—3]— |MVy; and let Xy = YL _juq Zs. We have E[Z; | Ak, H, 4] <
0. Therefore, the sequence XT;C +1,XT§ 49+ Xprt1 IS a supermartingale (with respect to the
sequence of history Hoyw, Hrrq, ..., H k1 ). By Azuma’s inequality, for any A > 0, we have

AQ
Pr Zt 2 A ’ Ak S exXp <_k‘1> .
te%:’é“ ' 2|
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Let A = [T5+!|67x. Then with probability at least 1 — exp (— §[Th*![67,,), we have

do1EieMLb <ol =3 < A+ MYV Yy < [T5Toge + [MUVITE v, (17)

terk+t terk+

which implies

T
TR > 1[Fe MY b <v' - 3]
a t=1
1 &
— W(Zn[az' eM\ <o =3+ ) 1[Fie M, b <o —3])
“ t=1 terk+t
1
< Tk+1 (TkFTk + |TE 6 + [ M1 \Vyr’f“mk)
-1
(since TF! = ¢TF) = *FTk —I— 5Tk + | M*?
(by definition) = Th+1

and thus A¥*! holds.
Now we suppose |M!| > 3, then we can change (16] to

Pr[3i e MY bl <o' —2 | Hy oy, AF) < | MYV,

because of Claim (9| and the fact that 15 SYTU1[E e ML <ot -3 < s~ The definition of
Z, is changed accordingly, and becomes

S 1[0 € MY b < o — 2] < [TEF b + [MVITE gy

terk+!
which implies

Tht1

1 .
§ 1[Fie M b, <ol —2] <
=1

TCIL€+1

et (T F + 05 oy + [MYVITE g ) = Frgen.
a

To conclude, by induction,

Pr{AEH] = Py 4] Pr{A ) 4] > Pr{AF] — exp (ﬂri:“w%k)

T 1
=1-exp <_24NV> —2exp ( 1152N2V2> ZeXp <_2|F2+1|5%5> '

As §; = (%ﬁ and |I'é| = ST =31 (e — )Ty, T2 = 5T =3) Ty (we abuse the notation and
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let v! — 3 =0 if v! < 3), we have
k

1
> exp (303 o%; )

s=0

k
— Zexp <_;c§(5+d(v1_3))(c — 1)(To)§>

s=0

= exp (—;céd(vl_g)(c — 1)(TO)%

< exp (—;céd@”)(c ~1)(m)

)
< exp (~5eH e - ()} ) (1 £ e (-5 D= 1)(Tla(ch - 1>))
)

< 2exp (—;céd<”13><c - 1><To>é) ,

where in the last but one inequality we suppose that Tj is large enough so that exp (— %c%d(vl_?’) (c—
1)(To)3s(c5 — 1)) < 1. Substituting Ty = 12NVTy = LTy, ¢ = 1 + g4, and ¢ = 8NV gives

1
k 1_ 3
L st 52 BNV) T,
_Z L) < S A S
ZS:O eXp( oIl 107 ) < Zexp 1152N212

Ty
< 2exp | = {15aney2 :

concluding the proof. O

=
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